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ABSTRACT

General Terms

We study the communication complexity of rumor spreading
in the random phone-call model. Suppose n players communicate in parallel rounds, where in each round every player
calls a randomly selected communication partner. A player
u is allowed to exchange messages during a round only with
the player that u called, and with all the players that u received calls from, in that round. In every round, a (possibly
empty) set of rumors to be distributed among all players
is generated, and each of the rumors is initially placed in
a subset of the players. Karp et. al [16] showed that no
rumor-spreading algorithm that spreads a rumor to all players with constant probability can be both time-optimal, taking O(lg n) rounds, and message-optimal, using O(n) messages per rumor. For address-oblivious algorithms, in particular, they showed that Ω(n lg lg n) messages per rumor
are required, and they described an algorithm that matches
this bound and takes O(lg n) rounds.
We investigate the number of communication bits required
for rumor spreading. On the lower-bound side, we establish
that any address-oblivious algorithm taking O(lg n) rounds
requires Ω(n(b + lg lg n)) communication bits to distribute a
rumor of size b bits. On the upper-bound side, we propose
an address-oblivious algorithm that takes O(lg n) rounds
and uses O(n(b + lg lg n lg b)) bits. These results show that,
unlike the case for the message complexity, optimality in
terms of both the running time and the bit communication
complexity is attainable, except for very small rumor sizes
b  lg lg n lg lg lg n.
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1. INTRODUCTION
We study the problem of information spreading in a distributed environment where information is exchanged using
randomized communication. Suppose n players communicate in parallel rounds, where in each round every player
calls a randomly selected communication partner. Each
player u is allowed to exchange messages during a round
only with the player that u called, and with all the (zero or
more) players that called u, in that round. This communication model is often referred to as the random phone-call
model [16]. In every round, zero or more pieces of information, called rumors, are generated, and each rumor is placed
to one or more players, the sources of the rumor. The goal
is that each rumor be distributed among all players within a
small number of rounds from the round that the rumor was
generated, and by using a small amount of communication
between players.1
A motivating example for this problem is the maintenance
of replicated databases, for instance, on name servers in a
large corporate network [4]. In such a system, updates are
injected at various nodes and at various times, and these
updates must be propagated to all nodes in the network.
It is desirable that all databases converge to the same content quickly, and with little communication overhead. The
motivation for using a randomized communication model is
that such a scheme is simple, scalable, and naturally fault
tolerant [4, 11].
A simple rumor-spreading algorithm for the random phonecall model is the so-called push algorithm. A rumor r is
spread as follows. In each round, starting from the round
in which r is generated, every informed player u (i.e., every
player who knows r) forwards r to the player v that u calls in
that round; we say that u pushes r to v. The distribution of
1

A variant of this problem that is often considered in the
literature is when each rumor has exactly one source. As
we discuss later, with one source per rumor the number of
rumors generated per round is essentially bounded by n,
since all rumors generated at the same round by the same
source can be grouped into a single large rumor; this trick
does not work when a rumor can have more than one sources.

r is terminated after Θ(lg n) rounds, at which time all players know r with high probability [13, 17]. The runtime of
the push algorithm is asymptotically optimal for the random
phone-call model, as we will see later. However, the algorithm suﬀers from high communication overhead, performing Θ(n lg n) transmissions of the rumor. Intuitively, the
number of informed players roughly doubles in each round,
until a constant fraction of the players is informed; and in
each subsequent round, the number of non-informed players
halves. Thus, in the last Θ(lg n) rounds Θ(n) players push
the rumor in each round.
The push-pull rumor-spreading algorithm, proposed in [16],
has asymptotically optimal runtime as well, but it has a
smaller communication overhead than the push algorithm.
A rumor r is distributed as follows. In each round from the
round when r is generated, every informed player u pushes
r to the player that u calls in this round, as in the push
algorithm, and, in addition, u forwards r to every player v
that calls u in this round; we say that r is pulled from u
to v. In the basic version of this algorithm, where a rumor
is assumed to have a single source, the distribution of r is
terminated after lg3 n + Θ(lg lg n) rounds. By that time,
with high probability, all players know r, and r has been
transmitted Θ(n lg lg n) times. The intuition is that the
push and pull transmissions roughly triple the number of informed player in each round until a constant fraction of the
players is informed, and, from this point on, the pull transmissions shrink the fraction of non-informed players from
st−1 to st = s2t−1 , in each round t. Thus, only Θ(lg lg n)
additional rounds are required after a constant fraction of
players is informed. Note that when a rumor may have more
than one sources, the message complexity per rumor can be
as bad as Θ(n lg n)—e.g., when the rumor has Θ(n) sources.
A variant of the basic push-pull algorithm, also proposed
in [16], uses a more robust termination criterion that detects when a large fraction of players is informed. This algorithm takes O(lg n) rounds and uses Θ(n lg lg n) messages
per rumor, regardless of the number of sources per rumor.
On the lower-bound side, it is known that no decentralized
rumor-spreading algorithm for the random phone-call model
taking O(lg n) rounds and using O(n) messages per rumor
can guarantee that a rumor is spread to all players with constant probability [16]. In other words, it is not possible to
achieve simultaneously optimality both in terms of the running time and the message complexity in the random phonecall model.2 Moreover, for the case of address-oblivious algorithm, such as the push and push-pull algorithms above,
Ω(n lg lg n) messages are required, regardless of the number
of rounds [16]. So, the push-pull protocol is asymptotically
optimal among the address-oblivious algorithm in terms of
time and message complexity.
In this paper, we investigate the communication complexity of rumor spreading in the random phone-call model, measured in terms of the number of bits exchanged between
players. The standard approach to measuring the communication complexity has been in terms of messages, counting
2

Note that if the players knew the complete communication
graph and the set of informed players in each round then
Θ(lg n) rounds and n − 1 messages would be required to
distribute a rumor started by a single source. The Ω(lg n)
time bound follows by a simple reachability argument based
on the fact that node degrees in the communication graphs
are sharply concentrated around their mean value 2.

one message for every quadruplet r, t, u, v such that information regarding rumor r is exchanged in round t between
players u and v. In the rumor-spreading algorithms that
have been proposed each such exchange of information typically involves the actual rumor r, plus the values of some
small counters, such as the age of the rumor. Arguably, for
some applications the volume of information exchanged is
at least as relevant as the number of messages, and trying
to minimize the number of bits exchanged, in addition to
the number of messages, is desirable. This is especially true
when a large number of rumors are spread simultaneously,
or when rumors are large.

1.1 Our results
As we saw above, no rumor-spreading algorithm in the
random phone-call model can be both time-optimal, taking
O(lg n) rounds, and message-optimal, using O(n) messages
per rumor. We show that the situation is diﬀerent when bit
communication complexity is considered in place of message
complexity. Speciﬁcally, we describe an address-oblivious
algorithm that uses O(lg n) rounds and O(n(b + lg lg n lg b))
bits of communication to distribute a b-bit rumor among
all players with high probability. Also, O(n lg lg n) messages per rumor are exchanged. These guarantees hold even
when the rumors are generated by an adversary. On the
lower-bound side, we establish that any address-oblivious
algorithm taking O(lg n) rounds requires Ω(n(b + lg lg n))
communication bits to spread a b-bits rumor to all players
with constant probability. These two results imply that,
unlike the case for the message complexity, optimality in
terms of both the running time and the bit communication
complexity is attainable, except for very small rumor sizes
b  lg lg n lg lg lg n.

Discussion
Our rumor-spreading algorithm can be described as a pushpull algorithm with “concise” feedback. Note that the original push-pull algorithms proposed in [16] require O(nb lg lg n)
communication bits per b-bit rumor.3 So, our algorithm
saves a lg lg n factor for large b, and a b/ lg lg b factor for
small b.
Informally, the algorithm works as follows. When a player
learns a new rumor r, she pushes r in all subsequent rounds,
until the 3rd time she pushes the rumor to some player who
already knows it (when a rumor is pushed, the recipient
informs the sender whether she knew the rumor). These
push transmissions guarantee that a constant fraction of the
players is informed within roughly lg n rounds, and that r
is pushed no more than 4n times. Pull transmissions take
place only every lg n/ lg lg n rounds—there are Θ(lg lg n) pull
rounds during the lifetime of r. Say u calls v in such a round.
Ideally, we would like the set of rumors pulled from v to u to
consist of exactly those rumors that v knows and u does not
know; and this should be achieved without communicating
more than roughly nb/ lg lg n additional bits per b-bit rumor,
per pull round. This is a non trivial task, since players do not
know the number or size of the rumors currently circulating;
an unbounded number of rumors can be generated in each
round, and any b-bit string can be a valid rumor, for any b.
Also, the fact that a rumor may have more than one sources
3

More precisely, for the basic version this complexity holds
for one source per rumor, and for the other version the exact
complexity is O(n(b + lg lg lg n) lg lg n) bits.

precludes “grouping” into a big rumor all the rumors started
at the same time by the same player, which would eﬀectively
bound by n the number of rumors generated per round. For
these reasons simple solutions such as the use of ﬁngerprints
to uniquely describe a rumor with fewer bits do not work. At
the core of our rumor-spreading algorithm is a simple data
structure for approximate set membership, used to encode
the set of rumors that a player knows using roughly lg b bits
per b-bit rumor. This data structure is deterministic, and
allows for some false positives. When u calls v in a pull
round, u sends to v this data structure of the recent rumors
that u knows; and based on that, v decides which rumors to
transmit to u.
For the lower bound, note that an Ω(n lg lg n) bound on
the number of bits communicated per rumor is immediate
from the same bound of [16] on the number of messages. So,
we just have to show an Ω(nb) bound, which seems like a
trivial information-theory result. However, a more careful
look reveals that this is not the case: Information may be
conveyed not just by the content of the messages exchanged,
but also by the round in which they are exchanged. Even
sending no messages through an established connection also
conveys information. In fact, the Ω(nb) bound no longer
holds if we can have more than O(lg n) rounds. The following (impractical) protocol spreads a b-bit rumor using only
O(n lg n lg b) bits, within O(2b lg n) rounds. We modify the
push algorithm such that for each rumor r, the size b of r is
pushed instead of r, and also transmissions take place only
in rounds t that are equal to r modulo 2b (where r is viewed
as a binary number). So, within O(2b lg n) rounds, every
player learns b and, thus, r, which is the last b bits of the
round in which the player was informed.
We prove the Ω(nb) bound in two steps. We ﬁrst establish the bound for large rumors, using essentially a counting argument. Then we reduce the case of smaller rumors
into the previous case, by showing that given an algorithm
that spreads small rumors using o(nb) bits, we can devise
an algorithm that spreads large rumors using o(nb) bits as
well. Error-correcting codes are used in this construction.
We note that the Ω(nb) bound holds also for non addressoblivious algorithms.

1.2 Related work
There is a large literature on deterministic rumor spreading and related information dissemination problems in various communication models. For an overview of this volume
of work see [12, 14, 15]. The problem of randomized rumor
spreading was introduced in [13], where the runtime of the
push algorithm in the random phone-call model was analyzed. This result was later reﬁned in [17]. Randomized
rumor spreading in the setting where players correspond to
nodes in a graph (other than the complete graph), and in
each round a player chooses its communication partner at
random among its graph neighbors, was ﬁrst studied in [11].
There, bounds on the runtime of the push algorithm in arbitrary graphs were derived, and the runtime of the same
algorithm in the hypercube and in random graphs was analyzed. The runtime and message complexity of randomized rumor spreading in random graphs were also studied
in [9, 10], where a push-pull algorithm was analyzed, as well
as two variations of it where players can remember their recent connections, or they initiate multiple calls per round.
Push-pull algorithms have also been proposed and analyzed

for random d-regular graphs [1], and for scale-free graphs [8].
In [5], a quasirandom analogue to the random phone-call
model was introduced. In this model, each player has a
cyclic list of all the players (or of all its neighbors, in case
of rumor spreading in a graph). A player initially calls a
player at a random position in her list, but from then on
she calls her neighbors in the order of the list. It was shown
that the push algorithm in the quasirandom model performs
asymptotically at least as well as in the random model, for
all the cases of graphs studied in [11], even when the lists
are determined by an adversary. Rumor spreading in the
quasirandom model was further explored in [6].

2. MODEL
In the random phone-call model [16], n players communicate in parallel rounds, in each of which every player u
chooses a player v independently and uniformly at random,
and u calls v. In a given round, u can only communicate
with the player that u called, and with the players that
called u, in that round. Communication inside each round
is assumed to proceed in parallel, that is, any information
received in a round cannot be forwarded to another player
in the same round. In each call, communication between
the caller and the receiver proceeds sequentially: one player
sends a message, then the other sends a message back, and
so on. No restrictions are imposed on the type or the size of
information exchanged.
In each round, an adversary generates a (possibly empty)
set of rumors, and places each rumor r to a non-empty subset of players, the sources of r. A rumor is just a binary
string, and any binary string of any size represents a possible rumor; so, there are exactly 2b distinct rumors of size b.
No limit is imposed on the number of rumors generated in
a round. However, we assume that rumors generated in two
diﬀerent rounds t1 , t2 with |t1 − t2 | = O(lg n) are distinct
(this assumption is made to simplify the exposition of our
algorithm, and can be relaxed). If player u calls player v and
rumor r is transmitted from u to v we say that r is pushed,
while if r is transmitted from v to u we say that r is pulled.
We measure the bit communication complexity of rumor
spreading, that is, the total number of bits exchanged between players. Speciﬁcally, in our rumor-spreading algorithm, each message exchanged is either related to a single
rumor, or to a set of rumors of the same size. In the latter
case, to count the bits communicated per rumor we divide
the size of the message by the size of the set of rumors. For
the lower bound, we assume that a set of b-bit rumors are
started by a single source at a round t, and that no other
rumors are generated. To count the bits communicated per
rumor, we count the total number of bits exchanged between players, from round t until the distribution of rumors
ﬁnishes, and then divide by the number of rumors.
We focus on the class of address-oblivious algorithms, that
is, when player u calls player v, u and v do not know the id
of each other. Of course, they can communicate their ids,
but this exchange of information is also counted in the bit
communication complexity.

3. UPPER BOUND AND OUR RUMORSPREADING ALGORITHM
We establish the following upper bound on the performance of rumor spreading in the random phone-call model.

Theorem 3.1. There is some address-oblivious algorithm
guaranteeing that, with high probability, any rumor is distributed to all players within O(lg n) rounds using O(nb +
n lg lg n lg b) bits of communication, where b is the rumor’s
size.
In Section 3.1, we present a rumor-spreading algorithm,
and in Section 3.2, we prove that this algorithm meets the
performance guarantees of Theorem 3.1.

3.1 Algorithm description
In this algorithm, the distribution of a rumor is not affected by rumors of diﬀerent size. So, in our description we
focus only on rumors of the same size b. Also, very small
rumors are treated slightly diﬀerently, as we explain at the
end of this section.
The algorithm is a push-pull algorithm with feedback.
Consider a b-bit rumor r starting from a set of players S
in round tstart . The distribution of r continues until round
tend = tstart + 6 lg n − 1, after which the rumor is considered cold. Whenever r is pushed or pulled, its age, that is,
the diﬀerence between the current round and tstart , is also
communicated—O(lg lg n) bits are required for that. Suppose that a player u learns r in round t; if u ∈ S we say
that u learns r in round t = tstart − 1. From the next round
t + 1 on, u pushes r in every round until the 3rd time that u
has pushed r to a player who already knows the rumor from
a previous round, or until the round tend is reached. After
that time, u does not push r again. A player can tell if in
some round she pushed a rumor to someone who already
knew the rumor, because in every push transmission the recipient sends back a (constant-size) feedback containing that
information.4
Pull transmissions occur only every lg n/ lg lg n rounds,
on rounds that are multiples of lg n/ lg lg n; these rounds
are called pull rounds. (During pull rounds, push transmissions take place normally, as in regular rounds.) Suppose
that player u calls player v in pull round t. Player u then
sends to v a digest of the rumors that u has learned recently,
and, based on this digest, v decides which rumors should be
pulled to u. Next we describe the details of how the digest
is created, and which rumors are pulled.

Digest
The digest of u in round t is built from all the non-cold
rumors that u knows at the beginning of round t. Let Rb,i
be the subset of these rumors consisting of the rumors of
size b that were generated during the i-th previous epoch,
where an epoch is the time interval from the beginning of a
pull round until the beginning of the next pull round. The
digest of u consists of one component Db,i for each nonempty set Rb,i . Suppose that Rb,i = {r1 , . . . , rκ }, for some
i, κ ≥ 1. The elements of Rb,i are indexed such that if the
rk are interpreted as a binary numbers then r1 < · · · < rκ .
The digest Db,i for Rb,i consists of two parts:
4

The idea that a player stops pushing a rumor after a ﬁxed
number of unnecessary push transmissions was also suggested in [4]. An alternative stopping criterion that would
also work is that a player stops pushing a rumor after a
constant number of push transmissions (regardless of their
outcome). The analysis for this approach is similar to that
of Theorem 4.1.3 (Stage A) in [11].

1. the list b, i, p1 , p2 , . . . , pκ−1 , where pk , for 1 ≤ k < κ,
is the position of the leftmost bit (most signiﬁcant bit)
where rk and rk+1 diﬀer; and
2. the subset {rj : j = 1, . . . , κ/ } of Rb,i containing
every -th rumor, where  = lg n.
Note that the size of Db,i is O(lg lg lg n + κ lg b + κb/) bits.
If Rb,i = ∅, i.e., if u does not know any non-cold rumor of
size b generated in the i-th previous epoch, we will write
Db,i = ∅.
We now explain how from digest Db,i = ∅ we obtain information about whether a given b-bit rumor r is a member
of Rb,i . Let x[j] denote the j-th leftmost bit of bit-string
x. From the deﬁnition of the pk and the assumption that
rk < rk+1 , we have that for 1 ≤ j < pk , rk [j] = rk+1 [j], and
rk [pk ] = 0 = 1 = rk+1 [pk ].
Based on this observation, we describe a simple algorithm
that for any given r, computes an index k with 1 ≤ k ≤ κ
such that
r∈
/ Rb,i \ {rk }
The algorithm does not tell whether r = rk . We denote
this index by ind(r, Db,i ), and we compute it as follows. We
start with the list 1, . . . , κ of all indices, and in each step we
eliminate one of the ﬁrst two indices remaining, until there is
only one index left; this last index is ind(r, Db,i ). For each
index k < κ in the current list, we maintain the leftmost
bit position at which rk and rk diﬀer, where k is the index
following k in the current list; so, for the initial list of indices
we have the positions p1 , p2 , . . . , pκ−1 described in the ﬁrst
component of Db,i . Maintaining these positions does not
require knowledge of the actual rumors. Let k1 , k2 be the
ﬁrst two of the indices remaining at the beginning of a step,
and let q1 , q2 be the bit positions currently associated with
them. If r[q1 ] = 1 then r = rk1 , and, so, k1 is removed from
the list of indices in this step. The bit positions associated
with the indices remaining do not change. If r[q1 ] = 0,
instead, then r = rk2 , and, so, k2 is removed from the list.
Also the bit position associated with k1 is updated to the
leftmost of the positions q1 and q2 .
Note that the second component D2 = {rj : 1 ≤ j ≤ κ/}
of Db,i is not used in computing ind(r, Db,i ). The set D2 is
non-empty only when |Rb,i | ≥ , and it can sometimes be
/ Rb,i . Let
used together with ind(r, Db,i ) to infer that r ∈
range(r, Db,i ) denote the set {k1 + 1, . . . , k2 }, where rk1 is
the largest element of D2 such that rk1 < r, or k1 = 0 if
no such element exits; and rk2 is the smallest element of
D2 such that r ≤ rk2 , or k2 = κ if no such element exits.
Clearly, if ind(r, Db,i ) = k ∈
/ range(r, Db,i ) then r = rk , and,
thus, r ∈
/ Rb,i .
Based on u’s digest, player v determines which rumors

be the set
should be pulled from v to u as follows. Let Rb,i
of non-cold b-bit rumors that v knows, generated in the i-th

are
previous epoch. If Db,i = ∅ then all the rumors in Rb,i

pulled. Otherwise, for each r ∈ Rb,i , v computes ind(r, Db,i )
and range(r, Db,i ), as described above, and r is pulled iﬀ at
least one of the following two conditions is satisﬁed:
/ range(r, Db,i );
(1) ind(r, Db,i ) ∈

(2) ind(r, Db,i ) = ind(r  , Db,i ), for some r  ∈ Rb,i
\ {r}.

Note that if (1) holds then u does not know r; and if (2) holds
then u knows at most one of r and r  , thus, the bits transmitted are at most twice the bits necessary. Note, however, that

the following bad scenario is possible: u does not know r, but
ind(r, Db,i ) ∈ range(r, Db,i ) and ind(r  , Db,i ) = ind(r, Db,i ),

\ {r}; thus, r is not pulled. Nevertheless,
for all r  ∈ Rb,i
we show that condition (2) ensures that the desired performance guarantees for the distribution of r are still met.
The digest structure employed by our algorithm can be
viewed as essentially a data structure for approximate set
membership. This problem is traditionally addressed using
Bloom ﬁlters [2] (see also the survey [3]). Similarly to Bloom
ﬁlters, our approach allows for false positives, but, unlike
them, it is deterministic; and in addition to the information
whether an element is a member of the set, it also gives the
order of the element in that set. This feature is exploited by
our algorithm to tackle the problem of false positives.

The case of very small rumors
In the algorithm above, if b = (lg lg n)o(1) then all but a
o(1) fraction of the bits used to distribute a single b-bit rumor are used to transmit the age information contained in
the digest. We handle this issue by making the following
two changes to the algorithm. For every rumor r of size
b = (lg lg n)o(1) , the beginning of the distribution of r is delayed until the next round that is a multiple of 6 lg n; i.e.,
if r is generated in round t, its distribution starts in round
tstart = t/6 lg n·6 lg n. (Recall that tend = tstart +6 lg n−1.)
Because of this modiﬁcation, the epoch information for these
rumors contained in the digest is no longer useful and is
omitted. Apart from these two changes, the protocol remains the same. Note that these changes could also be
applied to the other rumor sizes, but the resulting delays
and bursty traﬃc may be undesirable; thus, we use these
modiﬁcations only for very small rumors.

3.2 Analysis of algorithm
For the analysis, we distinguish two phases in the distribution of a rumor. Roughly speaking, in the ﬁrst phase the
rumor is pushed to at least a 12 +  fraction of the players,
and in the second phase the rumor is pulled to the remaining players. Below, we bound the duration of each phase,
and then we bound the total number of bits communicated
in the two phases. We only consider the case of rumor sizes
b = (lg lg n)Ω(1) ; for smaller rumors, the analysis is essentially the same.

3.2.1 Phase I: Pushing the rumor to a
of the players

1
2

+

(i.e., v has not learn r in a previous round), and no player
u < u pushes r to v in this round. The number of good
push transmissions of r in the ﬁrst τ1 rounds is at most
2(lg n)4 − 3 (at most (lg n)4 − 2 in the ﬁrst τ1 − 1 rounds,
and at most (lg n)4 − 1 in round τ1 ). Also, the probability
that a given push transmission of r in some of the ﬁrst τ1
4
−3
rounds is good is at least 1 − 2(lg n)
, regardless of the
n
other transmissions in the same round. This is because if
we ignore the outcome of this transmission and of the pull
transmissions in this round (if it is a pull round) then at
most 2(lg n)4 − 3 players know r at the end of the round.
So, the probability that 3 or more of the push transmissions
of r in the ﬁrst τ1 rounds are not good is at most


3
2(lg n)4
2(lg n)4 − 3
3
n

3
(2(lg n)4 )3 2(lg n)4 − 1
≤
3!
n
= n−3+o(1) ,
From this, it is immediate that the probability that Bτ1 ≥ 3
is at most n−3+o(1) . Also, if there are at most 2 non-good
transmissions of r then no player stops pushing r in the
ﬁrst τ1 rounds, and it is easy to verify that τ1 ≤ 4 lg lg n +
O(1).
Let Ht ⊆ St be the number of players who know r at the
end of round t, and they have not performed more than 2
bad push transmissions of r by that time. Clearly,
St − Bt /3 ≤ Ht ≤ St .
The players in Ht are precisely the players who push r in
round t + 1, if t < tend .
Claim 3.3. For any round t < tend , if Ht ≥ (lg n)4 and
St ≤ 34 n then, with probability 1 − n−ω(1) ,

St 
1 
St 
1−
1−
,
(3.1)
St+1 ≥ St + Ht 1 −
n
2n
lg n
and
Bt+1 ≤ Bt +

fraction

For the analysis of this phase, we focus on a single rumor r
of size b. To simplify notation we assume that r is generated
in round tstart = 1. We prove the following lemma.
Lemma 3.1. With probability 1 − n−3+o(1) , at least a 3/4
fraction of the players knows r at the end of round τ =
lg n + 3 lg lg n.
We start by introducing some notation. St denotes the
number of players who know r at the end of round t. A
push transmission is called bad if the recipient already knows
the rumor from a previous round. The number of bad push
transmissions of r during the ﬁrst t rounds is denoted Bt .
4

Claim 3.2. Let τ1 = inf{t : St ≥ (lg n) }. With probability 1 − n−3+o(1) , Bτ1 ≤ 2 and τ1 ≤ 4 lg lg n + O(1).
Proof. Fix some ordering of the set of players, and call
a push transmission of r from u to v good if it is not bad

1 
H t St 
1+
+ (lg n)3 .
n
lg n

(3.2)

Proof. The expected number of players who learn r in
round t + 1 is at least


H
H2 
1 Ht 
t
− t2
≥ (n − St )
(n − St ) 1 − 1 −
n
n
2n

Ht 
St 
1−
,
= Ht 1 −
n
2n
which is in Ω((lg n)4 ). Since the events: “player u learns
r in round t + 1,” for players u who do not know r at
the end of round t, are negatively dependent [7], we can
apply Chernoﬀ boundsto obtain
 that1 the probability that
t
1 − lg n players learn r is
fewer than Ht 1 − Snt 1 − H
2n
2

e−Ω((lg n) ) = n−Ω(lg n) . For Bt+1 , we have that the expected
number of bad push transmissions in round t + 1 is HtnSt ,
and, by Chernoﬀ bounds, we can show that the probability there are more than HtnSt (1 + lg1n ) + (lg n)3 bad push
2

transmissions is also e−Ω((lg n) ) .

Let E denote the event: “Bτ1 ≤ 2 and τ1 ≤ 4 lg lg n + O(1)
and, for all t with τ1 ≤ t < tend such that Ht ≥ (lg n)4 and
St ≤ 34 n, inequalities (3.1) and (3.2) hold.” By Claims 3.2
and 3.3,

[E ] = 1 − n

−3+o(1)

.

(3.3)

We prove Lemma 3.1 by showing that E implies Sτ ≥ 3n/4.
The claims we describe below assume that n is greater
than some appropriate constant.
Claim 3.4. Let τ2 = inf{t : St ≥ n/ lg n}. If E occurs
then Bτ2 ≤ 4n/(lg n)2 and τ2 ≤ lg n + O(1).
Proof. We show by induction on t = τ1 + 1, . . . , τ2 that
Bt ≤ 4St−1 / lg n and St ≥ St−1 (2 − lg4n ). From this, it
follows that Bτ2 ≤ 4Sτ2 −1 / lg n < 4n/(lg n)2 , and τ2 ≤
lg n
= lg n+O(1), as desired. The induction is as follg(2−4/ lg n)
lows. For the base case t = τ1 +1, by (3.2), we have Bτ1 +1 ≤
2+

2
Sτ

1

n

(1 +

1
) + (lg n)3
lg n

Sτ1
S
3S
(1 + lg1n ) + lgτn1 ≤ lg τn1 .
lg n
S
Sτ1
Sτ1 (1 − nτ1 − 2n
− lg1n ) ≥

≤ 2+

Also, by (3.1), Sτ1 +1 ≥ Sτ1 +
Sτ1 (2 − 2 lg5 n ). Similarly, for the induction step we have that
if t ≥ τ1 + 1 then
1 
H t St 
1+
+ (lg n)3
Bt+1 ≤ Bt +
n
lg n
St 
1  St−1
4St−1
+
1+
+
≤
lg n
lg n
lg n
lg n

1 
St
5St
1+
+
≤
lg n
lg n
(2 − lg4n ) lg n
= (3.5 + o(1))St /lg n,

where the second and third inequalities were obtained using
the induction hypothesis. Also,

St
St
1 
Bt 
1−
−
−
St+1 ≥ St + St −
3
n
2n
lg n


1
4St
1
1 
≥ St + St −
1
−
−
−
lg n
2 lg n
lg n
3(2 − lg4n ) lg n


19 + o(1)
.
= St 2 −
6 lg n
Claim 3.5. Let τ3 = inf{t : St ≥ n/8}. If E occurs then
Bτ3 ≤ n/16 and τ3 ≤ τ2 + 2 lg lg n.
Proof. It is similar to the proof of Claim 3.4. We show
by induction on t = τ2 + 1, . . . , τ3 that Bt ≤ St−1 /2 and
St ≥ 3St−1 /2. From this, it follows that Bτ3 ≤ Sτ3 −1 /2 <
lg lg n
n/16, and τ3 − τ2 ≤ lg(3/2)
≤ 2 lg lg n, as desired. For the
base case t = τ2 + 1 of the induction, we have that Bτ2 +1 ≤
S
4n
+ 8τ2 (1+ lg1n )+(lg n)3 = Sτ2 ( 81 +o(1)). Also, Sτ2 +1 ≥
(lg n)2
B

1
3
− lg1n ) = Sτ2 (2 − 16
− o(1)). For
Sτ2 + (Sτ2 − 3τ2 )(1 − 18 − 16
the induction step, we have that if t ≥ τ2 + 1 then Bt+1 ≤
St−1
+ S8t (1 + lg1n ) + (lg n)3 ≤ S3t + S8t (1 + lg1n ) + (lg n)3 =
2
11
1
− lg1n ) ≥
St ( 24 + o(1)), and St+1 ≥ St + (St − S6t )(1 − 18 − 16
17
St (2 − 46 − o(1)).

Claim 3.6. If E occurs then Sτ3 +5 ≥ 3n/4.
Proof. We compute St , for t = τ3 + 1, τ3 + 2, . . . , under
the worst-case assumptions that Sτ3 = n/8 and Bτ3 = n/16,
and also that inequalities (3.1) and (3.2) hold as equalities,
and Ht = St − Bt /3 . We obtain that Sτ3 +5 ≥ 3n/4, for
all n greater than a suﬃciently large constant.

Combining now Equation (3.3) and Claims 3.4–3.6 yields
Lemma 3.1.

3.2.2 Phase II: Pulling the rumor to the rest of the
players
For this phase, we consider the distribution of all the bbit rumors generated in the same epoch as r; we denote by
R the set of these rumors. To ease comprehension we ﬁrst
study the case of |R| = O(n), separately. In the analysis of
this case, only the ﬁrst component of the digests for rumors
in R is used.

The case of |R| = O(n)
We prove the following result.
Lemma 3.7. If at the end of round τ  ≤ 4 lg n every rumor in R is known to at least a 3/4 fraction of the players
then, with probability 1 − |R| · n−3+o(1) , all players know all
the rumors in R at the end of round τ  + 2 lg n.
Intuitively, the proof proceeds by lower-bounding the speed
at which the slowest-spreading rumor in R is distributed. A
key observation is that if a player u does not know a given
rumor r ∈ R, but the digest D for the rumors in R that
u knows is non-empty and ind(r, D) = k, then for r to be
pulled to u it suﬃces that u call a player who knows both r
and the k-th rumor described in D.
Below, r denotes an arbitrary rumor in R. For i ≥ 1,
ti is the i-th pull round from round τ  + 1, and Ui,r is the
number of players who do not know r at the end of round
ti . Also U0,r is the same quantity for round τ  . Finally,
Ui = maxr∈R Ui,r .
Claim
√ 3.8. For any i ≥ 0 such that ti+1 ≤ tend , if Ui ≥
(lg n)2 n then, with probability 1 − n−ω(1) ,
1 
2 
.
Ui+1,r ≤ Ui2 1 +
n
lg n
Proof. Consider a player u who does not know r at the
beginning of round ti+1 , and let D be the digest of u for this
round, for the rumors in R that u knows. We distinguish
two cases:
If D = ∅ then r is not pulled to u in round ti+1 iﬀ u calls a
player who does not know r, which happens with probability
at most Ui,r /n.
Otherwise, if ind(r, D) = k then for r to be pulled to u it
suﬃces that u calls a player who knows both r and rk , the
k-th rumor in D; thus, the probability that r is not pulled
to u is at most (Ui,r + Ui,rk )/n.
So, in both cases, the probability that r is not pulled to
u in round ti+1 is at most n2 Ui . (This bound holds independently of pull transmissions performed by other players
in this round.) Therefore, the expected number of players
who do not know r at the beginning of round ti+1 , and r
is not pulled to them in this round is at most n2 Ui Ui,r ≤
√
2 2
U . And, since Ui ≥ (lg n)2 n, by applying Chernoﬀ
n i
bounds, we obtain that the number of these players is at
2
most n2 Ui2 (1 + lg1n ) with probability 1 − e−Ω(lg n) . Hence,
the same upper bound applies also to Ui+1,r .
Claim
√ 3.9. For any i ≥ 0 such that ti+7 ≤ tend , if Ui ≤
(lg n)2 n then, with probability 1 − n−3+o(1) , all players
know r at the end of round ti+7 .

Proof. If player u does not know r at the end of round
ti then u does not learn r by the end of round ti+7 only if
r is not pushed to u in any of the 7 pull rounds
following

i 7
—by the
ti , which happens with probability at most 2U
n
same reasoning as in the proof of Claim 3.8. Thus, the
probability that all players know r at the end of round ti+7

i 7
is at least 1 − Ui,r 2U
= 1 − n−3+o(1) .
n
Lemma 3.7 can now√
be obtained as follows. If for all i ≥ 0
such that Ui ≥ (lg n)2 n,
Ui+1,r ≤
where a = 2(1 +

1
),
lg n

aUi2
2 2
1
Ui (1 +
)=
,
n
lg n
n
then, for those i,

n  aU0 2
n(a/4)2
.
≤
a n
a
i

Ui ≤

i

√
From this and Claim 3.8, it follows that Ulg lg n < (lg n)2 n
−ω(1)
2√
. And if Ulg lg n < (lg n) n
with probability 1 − |R| · n
then, by Claim 3.9, it is Ulg lg n+7 = 0 with probability 1 −
|R| · n−3+o(1) . Therefore, with probability 1 − |R| · n−3+o(1) ,
we have Ulg lg n+7 = 0, which implies that all players know all
the rumors in R at the end of round τ  + lg n + 7 lg n/ lg lg n.
Now, combining Lemmata 3.1 and 3.7 (the former applied
for all r ∈ R, and the latter for τ  = τ ) yields the desired
bound on the number of rounds of our algorithm.

The case of |R| = ω(n)
For large sets R the previous approach does not work—
note the dependence on |R| of the probabilistic bound of
Lemma 3.7. We remove this dependence by utilizing the
second component of the digests. This component is used
to decouple the progress of the distribution of a rumor r
from that of rumors that are further than O( lg lg n) from
r in the ordered list of the rumors in R.
For the analysis, we consider an extra pull phase, before
the pull phase we described in the previous case. During this
phase every player learns suﬃciently many of the rumors in
R that are close to r. More speciﬁcally, suppose that R =
{r1 , . . . , rκ }, where r1 < · · · < rκ . Fix a rumor r = rρ ∈ R,
and, for i = 0, ±1, . . . , ± lg n, deﬁne
Ri = {rk : (i− 12 ) lg n < k−ρ ≤ (i+ 12 ) lg n and 1 ≤ k ≤ κ}.
The extra pull phase in the distribution of r is completed
when every player knows at least a 1/3 fraction of the rumors
in each of the sets Ri . The next lemma is used to bound
the length of this phase. We say that a set R ⊆ R is a
contiguous subset of R if R = {rk : k1 ≤ k ≤ k2 }, for some
k1 ≥ 1 and k2 ≤ κ.
Lemma 3.10. Let R be a contiguous subset of R with
|R | = ω( lg lg n). If at the end of round τ  ≤ 4 lg n every
rumor in R is known to at least a 3/4 fraction of the players then, with probability 1−n−3+o(1) , every player knows at
least a 1/3 fraction of the rumors in R at the end of round
τ  + 2 lg n.


Proof. We start by showing that initially, i.e., at the
end of round τ  , one out of two players already knows half
of the rumors in R . Let f be the fraction of players who
each knows half or more of the rumors at the end of round
τ  . The average number of rumors a player knows at that

time is bounded from below by




f ) |R2 | .

3|R |
,
4

and from above by

Combining the two yields f ≥ 12 .
f |R | + (1 −
Next we show that if in a pull round player u calls a player
v who knows m = ω() of the rumors in R then at the end of
the round u knows at least m−O() of the rumors in R . Let
Rv be the subset of R that v knows, and let Du be the digest
of u for rumors in R. Let also I = r∈R range(r, Du ), and
v
Ru,I be the subset of R ∩ I that u knows. If |Ru,I | < |Rv | =
m, then it is easy to see that at least m − |Ru,I | rumors from
Rv \ Ru,I will be pulled to u. Note that Ru,I contains at
most 2 rumors that are not in R , those that correspond to
the leftmost and the rightmost of the intervals range(r, Du ),
for r ∈ Rv . Therefore, at the end of the round, u knows at
least m − 2 of the rumors in R .
The lemma now follows similarly to the bound on the
number of pull rounds required for the standard push-pull
algorithm. The fraction of players who at the end of the i-th

pull round from round τ  do not know at least |R2 | −O(i) of

the rumors in R is roughly the square of the corresponding
fraction for the (i − 1)-th pull round; and lg lg n + O(1) pull


rounds suﬃce for all players to learn |R2 | −O( lg lg n) > |R3 |
of the rumors in R , with high probability.
The next lemma is the analogue of Lemma 3.7.
Lemma 3.11. If at the end of round τ  ≤ 4 lg n every
player knows at least a 1/3 fraction of the rumors in each
of the sets Ri , for i = 0, ±1, . . . , lg n, then, with probability
1−n−3+o(1) , all players know r at the end of round τ  +2 lg n.
Proof. It is similar to the proof of Lemma 3.7. The key
diﬀerence is that now we do not focus on the progress of the
distribution of all the rumors in R. Instead, in the i-th pull
round from round τ  , we focus on the progress of the rumors in |j|≤lg n−i Rj . We drop the two outermost Rj , i.e.,
R±(lg n−i) , after the i-th pull round, because, in the next
pull round, the progress of rumors in these sets may be impeded by external rumors, i.e., rumors not in |j|≤lg n−i Rj .
However, since each player knows at least 13  lg n   of
the rumors in each Rj , rumors in the remaining Rj are not
aﬀected by external rumors in the next pull round.
Combining Lemmata 3.1, 3.10, and 3.11 (the ﬁrst lemma
applied for all rumors in |j|≤lg n Rj ; the second applied for
τ  = τ and R = Ri , for i = 0, ±1, . . . , lg n; and the third
applied for τ  = τ + 2 lg n) yields the desired bound on the
number of rounds of our algorithm.

3.2.3 Number of bits communicated
We now establish an upper bound on the number of communication bits used to distribute rumor r ∈ R. Speciﬁcally,
we show the following lemma.
Lemma 3.12. With probability 1−n−3+o(1) , the total number of bits communicated for the distribution of r is at most
lg n
+ O(1) .
(6 + o(1))nb + 6n lg lg n lg b + lg lg
|R|
First we count the overhead induced by unnecessary push
transmissions. A push transmission of r from player u to
player v in round t is unnecessary if one of the following two
conditions applies:
• v already knows r at the beginning of round t; such a
push transmission is called bad.

• v does not know r, but in round t, r is pulled to v from
some player or r is pushed to v form a player u such
that u < u, with respect to some ﬁxed ordering of the
players; such a push transmission is called unlucky.

is distributed to all players within O(lg n) rounds, with constant probability, and o(nb + n lg lg n) bits of communication
are used, in expectation.

Clearly, bad push transmissions of r result in a communication overhead of at most 3nb bits, where

Karp et. al established a lower bound of Ω(n lg lg n) on
the expected number of messages, for any address-oblivious
algorithm guaranteeing that any one-bit rumor is distributed
to all players with constant probability (Theorem 4.1 in [16]).
From this result, it is immediate that Ω(n lg lg n) bits of communication are required in expectation, for any b. Hence, it
remains to prove that the theorem holds for rumor sizes
b = ω(lg lg n). We ﬁrst consider the case b = ω(lg n), in Section 4.1, and then we reduce to this case the case of smaller
b, in Section 4.2.

b = b + Θ(lg lg n)
is the size of the rumor plus the age counter. The next result
bounds the overhead due to unlucky push transmissions.
Claim 3.13. With probability 1−nω(1) , unlucky push transmissions of r result in a communication overhead of at most
(1 + o(1))nb bits.
Proof. Let St be the set of players who know r at the
end of round t, and let St = |St |; S0 is the set of sources
of r. Fix the sequence {St : t ≥ 0}. All the probabilistic
statements described below will be implicitly conditioned on
this sequence. For any round t and any player u ∈ St , let
Xu,t be the indicator random variable that is 1 iﬀ u performs
an unlucky push transmission of r in round t. The expected
S
−St
: this expected value is a
value of Xu,t is at most t+1
St+1
non-decreasing value of u, for u ∈ St ; and if u is the largest
player that pushes r in round t and this transmission is bad
or unlucky then the recipient is equally likely to be any of the
players in St+1 . So, the expected value of the total number
t
u∈St Xu,t of unlucky push transmissions of r is at most
n − S0 . The upper bound above on the expectation of each
Xu,t holds independently of the values of the other indicator
variables, so, we can apply Chernoﬀ bounds to obtain that
at most (1 + o(1))n unlucky push transmissions of r occur,
with probability 1 − nω(1) .
Next we count the overhead induced by pull transmissions.
The size of the digest for the rumors in R that a player knows
is at most (lg lg lg n + |R| lg b) + |R|b
+ O(|R|). Since there

are at most 6 lg lg n pull rounds during which the rumors in
R are not cold, the total overhead per rumor because of the
lg n
+ lg b + b + O(1)). Fidigests is at most 6n lg lg n( lg lg
|R|
nally, there are at most n|R| redundant pull transmissions
of rumors in R. This is because for every redundant pull
transmission of a rumor in R there is at least one useful
transmission of another rumor in R (see the second-to-last
paragraph in Section 3.1). Note that, because of the way
unlucky push transmissions were deﬁned, there are no “unlucky” pull transmissions.
Combining the above we obtain that, with probability 1 −
n−3+o(1) , the total number of bits communicated for the
distribution
r is at most nb + 3nb + (1 + o(1))nb +
 lgof
lg lg n
+ lg b + O(1) + nb , where the ﬁrst term
6n(lg lg n)
|R|

nb accounts for the useful transmissions of r. The above
expression is equal to the expression in the statement of
Lemma 3.12.

4.

LOWER BOUND

In this section, we prove the following lower bound on the
performance of rumor-spreading algorithms in the random
phone-call model.
Theorem 4.1. For any b ≥ 1, no address-oblivious algorithm can guarantee that for any rumor of size b, this rumor

4.1 The case of large rumors
Suppose that b = ω(lg n). Consider the following setting,
which we will refer to as the single b-bit rumor scenario:
There is only one rumor, which is drawn uniformly at random among all the b-bit rumors. The rumor starts from
player s in round 0. The size b, the source s, and the start
round of the rumor are known to all players. Also, in each
phone call, the two participants know the id of one another;
so, the rumor-spreading algorithm can be non address oblivious. Suppose now that an algorithm guarantees that in the
above scenario, the rumor is spread to all players within
ρ = O(lg n) rounds, with at least some constant probability
p > 0. We show that the algorithm uses an expected number
of Ω(nb) communication bits. The theorem then follows.
We bound the expected number of bits exchanged by a
single player. Consider a player u = s, and let Bu be the
total number of bits u exchanges (sends or receives) in the
ﬁrst ρ rounds, i.e., in rounds 0, . . . , ρ − 1. Deﬁne the events:
E : all players know the rumor at the end of round ρ − 1;
Eu : u knows the rumor at the end of round ρ − 1;
C: u receives at most 2ρ + lg n calls in the ﬁrst ρ rounds;
Bk : u exchanges at most k bits with other players in the
ﬁrst ρ rounds, i.e., Bu ≤ k.
We have that for any k,

[Bu ] ≥ k [Bu ≥ k] ≥ k [E ] · [Bu ≥ k | E ]
≥ kp(1 − [Bk | E ]),
since [E ] ≥ p. Also,
[Bk | E ] = [Bk ∧ E ]/ [E ] ≤ p−1 [Bk ∧ Eu]

¯ .
≤ p−1 [Bk ∧ Eu | C] + [C]
Since the expected number of calls that u receives in the
ﬁrst ρ rounds is ρ, using Chernoﬀ bounds we can show that

[C]¯ ≤ e−(ρ+lg n)/3 ≤ e− lg n/3 .
Also, a counting argument yields the following claim.
Claim 4.1.

[Bk ∧ Eu | C] ≤ 63ρ+lg n+k /2b .

Proof. We start with two deﬁnitions. An i-call-history
of u speciﬁes the player that u calls, and the set of players
that u receives calls from in each of the ﬁrst i rounds. An
i-history of u speciﬁes an i-call-history of u, and also the
sequence of messages exchanged between u and each of the
players that u communicates with in the ﬁrst i rounds.

For any ρ-call-history of u in which u receives no more
than 2ρ + lg n calls, there are at most 6ρ+(2ρ+lg n)+k distinct ρ-histories of u with that ρ-call-history, in which at
most k bits are exchanged between u and the rest of the
players. This follows from the observation that any such
ρ-history can be represented by a string of length at most
ρ + (2ρ + lg n) + k over the alphabet {end-round, begin-call,
send-0, send-1, recv-0, recv-1}: the messages that u exchanges during round i are described by the substring between the i-th and the (i + 1)-th end-round symbols of the
string; the begin-call symbols separate the communication
streams of u with diﬀerent players in the same round; and
the sending (receipt) of bit x = 0, 1 by u is represented by
the symbol send-x (recv-x).
So, for any ρ-call-history of u in which u receives no more
than 2ρ + lg n calls, there are at most 6ρ+(2ρ+lg n)+k rumors that u can distinguish in ρ rounds exchanging at most
k bits.5 Therefore, conditioned on any such ρ-call-history
of u, the probability that in the ﬁrst ρ rounds, u learns
the rumor and it exchanges no more than k bits is at most
6ρ+(2ρ+lg n)+k /2b . (Recall that the rumor is chosen at random among the 2b b-bit tumors.) This implies the claim.
Combining all the above yields

[Bu ] ≥ kp 1 − p−1 63ρ+lg n+k 2−b − p−1 e− lg n/3 ,



and setting k = (b − 1 + lg p)/ lg 6 − 3ρ − lg n = Θ(b), we
obtain [Bu ] ≥ kp 1/2 − p−1 e− lg n/3 ) = Θ(b). Thus, the
expected value of the total number of bits exchanged is at
least u=s [Bu ]/2 = Ω(nb).





4.2 The case of smaller rumors
Suppose now that ω(lg lg n) ≤ b ≤ O(lg n). We show
that given an algorithm A that provides the guarantees described in Theorem 4.1 for that b, we can devise an algorithm A that contradicts the result of Section 4.1. That is,
for some b = ω(lg n), A guarantees that in the single b -bit
rumor scenario, the rumor is distributed to all players within
O(lg n) rounds, with constant probability, and o(nb ) communication bits are used, in expectation. Roughly speaking,
A encodes the b -bit rumor as a collection of b-bit rumors,
which are then spread using A.
Suppose that A ensures that with probability p any bbit rumor is distributed to all players within ρ rounds. To
ease comprehension we consider the case p = 1 separately,
ﬁrst. If p = 1 then A is the following simple algorithm.
Let b = 2b/2−1 b (to simplify exposition we assume that b
is even). The b -bit rumor is divided into 2b/2 substrings
w0 , . . . , w2b/2 −1 of size b/2 each. For each wi , a b-bit rumor
is build consisting of wi and its index i. All these 2b/2 b-bit
rumors are then spread in parallel (starting at round 0) as in
algorithm A. With probability p = 1, every player learns all
the rumors within ρ rounds, and can easily reconstruct the
initial b -bit rumor. Note that b = ω(lg n) and the expected
total number of bits communicated is 2b/2 · o(nb) = o(nb ),
as desired.
When p < 1 the above scheme does not work, because
A does not guarantee that, with constant probability, every
5
Diﬀerent executions of the algorithm that have the same
ρ-history of u are indistinguishable to u until at least the
beginning of round ρ. So, in all these executions, within the
ﬁrst ρ rounds, u learns the same rumor, if any.

player learns all the 2b/2 rumors. (E.g., it may be that with
probability 1/2 all players learn the ﬁrst of these rumors
and they do not learn the second, and with probability 1/2
they all learn the second and not the ﬁrst.) We tackle this
problem by employing an error-correction scheme which facilitates reconstruction of the b bit rumor by just a fraction
of the b-bit rumors (such schemes are often called erasure
codes). Recall from code theory that a q-ary (, M, d)-code
is a set of M codewords, where each codeword is a string
of length  over an alphabet of size q, and the minimum
distance between codewords is d, i.e., any two codewords
diﬀer in at least d positions. We employ a q-ary (, M, d)code C with q =  = 2b/2 , M = q /4 , and d = /2. By
the Gilbert–Varshamov bound (see,
such a code
 e.g., [18]),
i

C exists, because M < q  / d−1
i=0 i (q − 1) . Algorithm A

b/2−3
is then as follows. The rumor size is b = 2
b. Each
b -bit rumor is mapped to a distinct codewords of C, and
this codeword is distributed instead of the actual rumor.
Similarly to the case p = 1, for each q-ary symbol of the
codeword, a b-bit rumor is built consisting of that symbol
and its order in the codeword, and the resulting  rumors
are spread as in algorithm A. Now, for a player to be able
to reconstruct the codeword it suﬃces to learn  − d + 1
diﬀerent b-bit rumors, since any two codewords diﬀer in at
least d positions. We can lower-bound the probability that
this happens as follows. We assume without loss of generality that p ≥ 1 − 1/e—if this is not the case, we can achieve
that by re-sending the b-bit rumors in the rounds iρ, for
i = 1, . . . , 1/p. Let Xi be an indicator random variable that
is 1 iﬀ all players learn the i-th b-bit rumor by round ρ, and
let X = i Xi . It is [Xi ] ≥ p, and, thus,



[X] ≥ p.

Also, if p is the probability that every player learns at least
 − d + 1 of the  b-bit rumors by round ρ then

[X] ≤ p  + (1 − p )( − d) ≤ p  +  − d.
Therefore, p ≤ p  +  − d, which yields
p ≥ p − 1 + d/ ≥ 1/2 − 1/e,
since p ≥ 1 − 1/e. We have thus shown that, with constant
probability, all players learn enough b-bit rumors in the ﬁrst
ρ rounds to reconstruct the codeword, and learn the b -bit
rumor. As in case p = 1, b = ω(lg n) and the total number
of bits communicated in expectation is  · o(nb) = o(nb ).
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